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Abstract
The purpose of this modest note is to point out that the proof of the recent
result of Huchcroft [Hut16] concerning continuity of phase transition in Bernoulli
percolation is applicable to the setting of the Ising model with free boundary condi-
tion. This observation, together with a recent result of Aizenman, Duminil-Copin,
and Sidoravicius [ADS15] implies that the Ising model on amenable quasi-transitive
graph with exponential growth undergoes a second order phase transition.
1 Introduction
Let G = (V (G),E(G)) be a countable locally finite graph. Let (Jxy)x,y∈V (G) be a family
of nonnegative real numbers which are invariant under automorphisms of G, that is for
any automorphism τ of G, Jτ(x)τ(y) = Jxy. For h ∈ R, the ferromagnetic Ising model on a
finite subset Λ ⊂ V (G) is defined by the Hamiltonian
HΛ,h(σ) = − ∑
x,y∈Λ
Jxyσxσy − h∑
x∈Λ
σx
for any σ ∈ {−1,+1}Λ.
For β ∈ [0,∞), define the Ising measure on Λ magnetic field h at inverse temperature
β to be the measure µΛ,β,h defined on configurations σ ∈ {−1,+1}Λ by
µΛ,β,h(σ) = exp(−βHΛ,h(σ))
Z(Λ, β, h) ,
where Z(Λ, β, h) is a normalizing constant defined in such a way that the total mass of
the measure is equal to one.
Let (Λn)n≥1 be a sequence of nested finite subgraphs exhausting G. Define the Ising
measure on G at inverse temperature β with external field h to be the weak limit of
measures µΛn,β,h, and denote this measure by µG,β,h. When h = 0 we denote the measure
by µ0G,β. Let µ
+
G,β denote the measure which is the weak limit of the measures µG,β,h as
h→ 0+. µ0G,β (resp. µ
+
G,β) is called Ising measure with free (res. plus) boundary condition.
Fix a vertex x ∈ V (G). The quantity µ+G,β(σx) is of special interest and is called
spontaneous magnetization. The critical point of the model is defined as
βc ∶= inf{β ∶ µ+G,β(σx) > 0}.
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It is easy to see that the value of βc is independent from the choice of the vertex x.
Whether spontaneous magnetization is continuous in β or not is a natural mathe-
matical and physical question. Determining continuity of magnetization on Zd has a
long-standing history. The right continuity of spontaneous magnetization could be easily
shown by simple semi-continuity arguments. (See Claim 3 of Proposition 2 below for an
example of this type of arguments.) Therefore, the main question is left continuity of the
spontaneous magnetization.
In dimension d = 2, Yang [Yan52], inspired by works of Onsager [Ons44] and Kaufmann
[Kau49], computed the spontaneous magnetization for the nearest neighbor case and
continuity for all β was established. In dimension d ≥ 4 continuity at βc was proved
in [AF86] at criticality for nearest neighbor case and more generally reflection positive
models. (See also [Sak07].) In [Bod06], the continuity of magnetization was settled for
any β > βc for d ≥ 3. Finally, in [ADS15] the continuity was established in d = 3 at
criticality for nearest neighbor and reflection positive models.
Apart from Zd, this question has been studied on regular trees in [Häg96] where
continuity at βc is proved. (See also [BRZ95] and references therein.) Not much is known
about continuity of magnetization for general graphs.
Before stating our main theorem we recall the definitions of amenability and expo-
nential growth for graphs. Let G be a countable locally finite graph. Let d(., .) denote
the graph distance on G. For a vertex x ∈ V (G), define Λn(x) ∶= {y ∈ V (G) ∶ d(x, y) ≤ n}.
Fix a vertex x ∈ V (G). We say G has exponential growth if
lim inf
n→∞
∣Λn(x)∣1/n > 1.
It is easy to see that the above definition is independent of the choice of the vertex x.
For a subset A ⊂ V (G) define ∂A ∶= {x ∈ A ∶ ∃y ∈ G ∖ A,{x, y} ∈ E(G)}. We say G is
amenable if
inf
A⊂G, ∣A∣<∞
∣∂A∣
∣A∣ = 0.
Theorem 1. Let G be amenable quasi-transitive graph with exponential growth. The
magnetization is continuous in β at βc i.e., for any x ∈ G,
µ+G,βc(σx) = 0.
Note that the only assumption on coupling constants is their invariance under au-
tomorphisms of the graph. We write the proof for transitive graphs. The proof works
the same for quasi-transitive graphs (the proof of Proposition 2 follows almost the same
line, the proof of [DCT15] works the same for quasi-transitive graphs, and the setting of
Theorem 4 can be lifted to amenable quasi-transitive graphs).
Notation. From now on, we fix G = (V (G),E(G)) a countable locally finite transitive
amenable graph with exponential growth. We drop G from the notation.
2 Proof of Theorem 1
We first rewrite the beautiful proof of Hutchcroft [Hut16] in the case of Ising model with
free boundary condition.
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Proposition 2. Fix x ∈ V (G). There exists ρ < 1 such that for all n ≥ 0,
min{µ0βc(σxσy) ∶ y ∈ Λn(x)} ≤ ρn. (2.1)
Proof. Define
κβ(n) ∶=min {µ0β(σxσy) ∶ y ∈ Λn(x)}.
The proof consists of three claims.
Claim 1. The sequence (κβ(n))n≥0 is supermultiplicative.
Proof of Claim 1. Let y ∈ Λm+n(x), there exists a vertex z ∈ Λn(x) such that y ∈ Λm(z).
Griffiths’ inequality [Gri67] implies
µ0β(σxσy) = µ0β(σxσzσzσy) ≥ µ0β(σxσz)µ0β(σzσy) ≥ κβ(n)κβ(m).
Thus,
κβ(n +m) =min{µ0β(σxσy), y ∈ Λn+m(x)} ≥ κβ(n)κβ(m).
Claim 2. There exists ρ < 1, such that for any β < βc,
sup
n≥0
(κβ(n))1/n < ρ.
Proof of Claim 2. Based on the definition of κβ(n),
κβ(n) ⋅ ∣Λn∣ ≤ ∑
y∈Λn(x)
µ0β(σxσy) ≤ ∑
y∈V (G)
µ0β(σxσy). (2.2)
An important ingredient here is the following theorem.
Theorem 3 ([ABF87], [DCT15]). Let G be a transitive graph and x ∈ V (G). For any
β < βc,
∑
y∈V (G)
µ0β(σxσy) <∞.
As κβ(n) is supermultiplicative, Fekete’s lemma implies that limn→∞ (κβ(n))1/n exists
and is equal to supn (κβ(n))1/n. Combining this fact with (2.2) gives us
sup
n
(κβ(n))1/n = lim
n→∞
(κβ(n))1/n ≤ lim
n→∞
(∑y∈V (G) µ0β(σxσy)∣Λn∣ )1/n = limn→∞(
1
∣Λn∣)
1/n
.
As the graph has exponential growth, limn→∞( 1∣Λn∣)1/n < 1, and the claim follows. Note
that this is the only place where exponential growth of the graph is used.
Claim 3. The map β → supn (κβ(n))1/n is left continuous at β ∈ [0,∞).
Proof of Claim 3. By Griffiths’ inequality, µ0β(σxσy) = supk µ0Λk,β,0(σxσy). Since Λk is
finite, and because of Griffiths’ inequality, β → µ0
Λk,β,0
(σxσy) is continuous and increasing.
The supremum of increasing continuous functions is left continuous. Hence for fixed
x, y ∈ V (G) the map β → µ0β(σxσy) is left continuous.
Now fix n ∈ N. Since Λn is finite, κβ(n) is the minimum of finitely many left con-
tinuous increasing functions, so is left continuous and increasing in β. Finally, the map
β → supn(κβ(n))1/n is the supremum of left continuous increasing functions, so is left
continuous.
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Claim 2 and Claim 3 together conclude the proof. Indeed, supn(κβ(n))1/n is uni-
formly bounded above by some ρ < 1 when β < βc, and since β → supn(κβ(n))1/n is left
continuous, it follows that supn(κβc(n))1/n ≤ ρ. Hence for any n ≥ 1, κβc(n) ≤ ρn which is
the claim.
Recently Aizenman, Duminil-Copin, and Sidoravicius proved the following theorem,
which establish a connection between µ+
β
and µ0
β
. Their approach is based on the random
current representation of the Ising model.
Theorem 4 ([ADS15]). Let G be an amenable transitive graph, and let β ∈ [0,∞). If
inf
K⊂V (G), ∣K ∣<∞
∑x,y∈K µ0β(σxσy)∣K ∣2 = 0, (2.3)
then for any x ∈ V (G), µ+β(σx) = 0.
Remark 5. Theorem 4 is not stated in the above form the in [ADS15]. There, it is stated
that on Zd if the Long Range Order parameter vanishes, then spontaneous magnetization is
also 0. However, their proof works for any amenable graph and the condition of vanishing
magnetization could be weakened to 2.3. It is worth highlighting that amenability has a
vital importance in the argument of [ADS15] to obtain uniqueness of infinite volume
random current infinite cluster via a Burton-Keane type argument.
Proof of Theorem 1. Theorem 4 implies that in order to conclude the proof of Theorem
1 it is enough to construct a family {Kn}n≥1 of finite subsets of V (G), such that
inf
n
∑x,y∈Kn µ
0
βc
(σxσy)
∣Kn∣2 = 0.
Let c = min{x,y}∈E(G) µ0βc(σxσy). Griffiths’ inequality implies that that for any x, y ∈
V (G), µ0βc(σxσy) ≥ cd(x,y). Choose k ≥ 2 an integer such that c ≥ ρk, Where ρ is the same
constant as of (2.1). Fix a vertex x1 ∈ V (G), and for each n > 1, define xn ∈ V (G) such
that d(xn, x1) = kn and
µ0βc(σx1σxn) ≤ ρkn ,
Proposition 2 guarantees the existence of xn. Let Kn = {xi ∶ 1 ≤ i ≤ n}. For 1 < i < j ≤ n,
Griffiths’ inequality implies
µ0βc(σxiσxj) ≤ µ
0
βc
(σx1σxj)
µ0βc(σx1σxi) ≤
ρk
j
ck
i
≤ ρk
j−ki+1 ≤ ρj−i,
for j − i large enough. This implies that there exists a constant C independent of n such
that,
∑x,y∈Kn µ
0
βc
(σxσy)
∣Kn∣2 ≤
C ∣Kn∣∣Kn∣2 ≤
C
n
.
Hence infn≥1
∑x,y∈Kn µ
0
β
(σxσy)
∣Kn∣2
= 0.
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